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ABSTRACT
Mixed finite element approximation of reaction front propagation model in porous media is presented.
The model consists of system of reaction-diffusion equations coupled with the equations of motion
under the Darcy law. The existence of solution for the semi-discrete problem is established. The
stability of the fully-discrete problem is analyzed. Optimal error estimates are proved for both
semi-discrete and fully-discrete approximate schemes.
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1. Introduction
A fluid flow through porous media is of great interest in many scientific and engineering applications such as
groundwater pollution, oil recovery and polymerization [1, 2, 3]. The influence of convective instability on
reaction front propagation in porous media is studied in [4, 5]. The mixed finite element approximation of
reaction front propagation with fully Navier-Stokes equations is studied in [6]. In this paper, we are interested in
the study of the mixed finite element approximation of the model describing the reaction front propagation in
porous media. For this purpose, we will consider a model coupling system of motion equations with heat and
concentration equations. We will assume that the fluid is incompressible, so the model considered will be under
Darcy-Boussinesq approximation [7, 8, 9] in the open bounded open domain Ω⊂ Rd (d = 2,3):
(P)

∂tT −λ∆T +u.∇T =Cg(T ),
∂tC−η∆C+u.∇C =−Cg(T ),
∂tu+
µ
K
u+∇p = f (T ),
div u = 0,
where T is the temperature, C is the concentration, u is the velocity, p is the pressure, λ is the thermal diffusivity,
η is the diffusion, µ is the viscosity, K is the permeability, g is the reaction source term, given by the Arrhenius
law [10]:
g(T ) = αexp(− ERT )
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and f is the gravity force taken under Boussinesq approximation [11]:
f (T ) = β (T −T0)gγ,
here, E is the activation energy, R is the universal gas constant, α is the Arrhenius pre-exponential factor, T0 is a
mean value of temperature, g is the gravity, γ is the upward unit vector and β is the coefficient of the thermal
expansion of the fluid.
The boundary conditions are of Dirichlet-Neumann type for the temperature, the concentration and of imperme-
ability type for the normal component of velocity:{
T |Γ1 =C|Γ1 = 0,
∂T
∂n
|Γ2 =
∂C
∂n
|Γ2 = 0, and u ·n|∂Ω = 0,
u|t=0 = u0, T |t=0 = T0, and C|t=0 =C0,
where Γ1 and Γ2 are disjoined opens parts of ∂Ω such that Γ1∪Γ2 = ∂Ω.
The paper is organized as follows. We present the semi-discrete problem in the next section. We establish
the existence of the discrete solution and we obtain the error estimates on speed, pressure, temperature and
concentration in section 3. The fully-discrete problem is also under consideration and similar results are obtained
in section 4. We conclude in the last section.
2. Presentation of the semi-discrete problem
2.1 The problem in variational form
In order to give the variational formulation of the problem (P), let us specify the functional framework in which
we carry out our study.
We set:
X = L2(0, t,H0(div,Ω)), W = L2(0, t,H10,Γ1(Ω)) and M = L
2(0, t,L20(Ω)),
where H0(div,Ω) =
{
u ∈ (L2(Ω))d , div(u) ∈ L2(Ω) and u ·n|∂Ω = 0
}
, in which, we define the following norm:
‖ ω ‖div,Ω= (‖ ω ‖2(L2(Ω))d + ‖ div(ω) ‖2L2(Ω))
1
2 .
The variational formulation of the problem (P) is written as follows:
Find (u, p,T,C) ∈ X×M×W 2, such that ∀(v,q,φ ,ξ ) ∈ X×M×W 2, we have:
(Pv)

(∂tu,v)+µp(u,v)−b(p,v) = ( f (T ),v), ∀v ∈ X ,
(∂tT,φ)+λ j(T,φ)+a1(u,T,φ)− Z(C,T,φ) = 0, ∀φ ∈W,
(∂tC,ξ )+η j(C,ξ )+a1(u,C,ξ )+ Z(C,T,ξ ) = 0, ∀ξ ∈W,
b(q,u) = 0, ∀q ∈M,
where a1, b, j, Z are the forms, such that, for all (u,v) ∈ X2, (T,φ ,C,ψ) ∈W 4, p ∈M, we have
b(p,v) =
∫
Ω
pdiv(v) dx, a1(u,T,φ) =
1
2
(∫
Ω
(u∇)Tφ dx−
∫
Ω
(u∇)φT dx
)
,
j(T,ψ) =
∫
Ω
∇T∇ψ dx and Z(C,T,ψ) =
∫
Ω
Cg(T )ψdx,
with X =
{
u ∈ X ; ∂u∂ t ∈ L2(0, t,(H0(div,Ω))∗
}
, W =
{
T ∈W ; ∂T∂ t ∈ L2(0, t,(H10,Γ1(Ω))∗)
}
and µp = µK . Here
(H10,Γ1(Ω))
∗ and (H0(div,Ω))∗ are the dual spaces of H10,Γ1(Ω) and H0(div,Ω) respectively.
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From the definition of the functions f , g and the physical parameters of the problem (P), we have the
following: 
The reals µp, η and λ are strictly positives,
g ∈W 1,∞(R), ‖ g′ ‖L∞(Ω)=
Eα
RT 2i
,g≥ 0 and ‖ g ‖L∞(Ω)= α,
f ∈W 1,∞(R), f (T0) = 0 and
∀(T1,T2) ∈ (H10,Γ1(Ω))2, ‖ f (T1)− f (T2) ‖L2(Ω) ≤ ρβg ‖ ∇(T1−T2) ‖L2(Ω),
where Ti is the temperature of the burned mixture and ρ is the constant of Friedrichs-Poincare´ which is related to
the geometry domain.
2.2 The mixed formulation
In order to give the semi-discrete problem, we will need the following spaces:
Xh ⊂ H0(div,Ω), Mh ⊂ L20(Ω) and Wh ⊂ H10,Γ1(Ω),
where h is a strictly positive constant. Throughout the paper the following notation is used: For each ϑ ,ζ ;
ϑ ≤C′ζ ⇐⇒ ϑ . ζ ; where the constant C′ is independent of the mesh size and the solutions. We assume that
the spaces Xh, Mh and Wh satisfy the following conditions (see [12, 13, 14, 15]):
1. For all 0 < σ ≤ 1, the following diagram is commutative [16],
Hσ (div,Ω)∩H0(div,Ω) div //
Rh

L20(Ω)∩Hσ (Ω)
rh

Xh div
// Mh
(2.1)
where Rh and rh are projection operators verifying the following [17],{ ∀u ∈ Hσ (div,Ω)∩H0(div,Ω), ‖Rhu−u‖div,Ω . hσ‖u‖div,σ ,
∀q ∈ Hσ (Ω)∩L20(Ω), ‖rhq−q‖0,Ω . hσ‖q‖σ ,Ω.
2. The inf-sup condition:
∀qh ∈Mh,∃vh ∈ Xh, (div vh,qh)0,Ω ≥ ν‖qh‖0,Ω‖vh‖div,Ω.
3. For all 0 < σ ≤ 1; there exist a linear continuous operator ih from H1+σ (Ω)∩H10,Γ1(Ω)) onto Wh such
that: { ‖∇ihT‖L2(Ω) . ‖∇T‖L2(Ω),
∀T ∈ H1+σ (Ω)∩H10,Γ1(Ω), ‖T − ihT‖1,Ω . hσ |T |1+σ ,Ω.
(2.2)
where ν is a constant independent of mesh size and Hσ (div,Ω) =
{
u ∈ (Hσ (Ω))d ;div(u) ∈ Hσ (Ω)} is the space
with the norm ‖ ω ‖div,σ= (‖ ω ‖2(Hσ (Ω))d + ‖ div(ω) ‖2Hσ (Ω))
1
2 .
An example of such spaces verifying those conditions is given as follows:
Xh =
{
uh ∈ H0(div,Ω)∩ (C0(Ω))d ; ∀K ∈ τh;uh|K ∈ RT0(K )
}
,
Wh =
{
Th ∈ H10,Γ1(Ω)∩C0(Ω);∀K ∈ τh;Th|K ∈ P1(K )
}
,
Mh =
{
ph ∈ L20(Ω);∀K ∈ τh; ph|K ∈ P0(K )
}
.
HereK is an element of the quasi-uniform meshes family τh, RT0(K ) is the Raviart-Thomas space [12, 13]
and P0(K ), P1(K ) are the polynomials spaces of total degree 0 and 1 respectively.
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The discrete form of the problem (Ph) is given as follows:
Find uh ∈C1(0, t,Xh), ph ∈C0(0, t,Mh) and (Ch,Th) ∈ (C1(0, t,Wh))2, such that,
(Ph)

(∂tuh,vh)+µp(uh,vh)−b(ph,vh) = ( f (Th),vh), ∀vh ∈ Xh,
(∂tTh,φh)+λ j(Th,φh)+a1(uh,Th,φh)− Z(Ch,Th,φh) = 0, ∀φh ∈Wh,
(∂tCh,ξh)+η j(Ch,ξh)+a1(uh,Ch,ξh)+ Z(Ch,Th,ξh) = 0, ∀ξh ∈Wh,
b(qh,uh) = 0, ∀qh ∈Mh,
with the boundary conditions: Th|Γ1 =Ch|Γ1 = 0, ∂Th∂n |Γ2 = ∂Ch∂n |Γ2 = 0, and uh ·n|∂Ω = 0,uh|t=0 = u0h, Th|t=0 = T 0h , and Ch|t=0 =C0h .
Remark 2.1. From the commutativity of the diagram (2.1), it follows that div(Xh)⊂Mh, from where we have
div(uh) = div(u) = 0, (2.3)
where u and uh are, respectively, solution of the problem (Pv) and (Ph).
3. A priori error estimates
3.1 The existence of solution
The main result of the section is written as follows
Theorem 3.1. The problem (Ph) admits a unique solution. Moreover, for u, p, T and C solutions of the problem
(Pv) and for uh, ph, Th and Ch solutions of the problem (Ph), we have
‖ u−uh ‖L2(0,t,H0(div,Ω))+ ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) + ‖C−Ch ‖L2(0,t,H10,Γ1 (Ω)) + ‖ p− ph ‖L2(0,t,L20(Ω))
.hσ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖C ‖H1(0,t,Hσ (Ω)) + ‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω))
+ ‖ p ‖H1(0,t,Hσ (Ω))
)
,
under the following conditions:
δ1 = 1−
√
10αρ2NCE
RT 2i λ
> 0, (H1)
δ2 = 1− 2
√
10(αρ2)2NCE
δ1ηRT 2i λ
> 0, (H2)
4
√
15ρgβNa
µpλ
(
2
√
2αρ2NC
η
+NT
)
≤ δ1δ2, (H3)
where 
NT = sup
(
‖ Th ‖L∞(0,t,H10,Γ1 (Ω)),‖ T ‖L∞(0,t,H10,Γ1 (Ω))
)
,
NC = sup
(
‖Ch ‖L∞(0,t,H10,Γ1 (Ω)),‖C ‖L∞(0,t,H10,Γ1 (Ω))
)
,
Nu = sup
(‖ uh ‖L∞(0,t,H0(div,Ω)),‖ u ‖L∞(0,t,H0(div,Ω))) ,
Na = sup
u∈H0(div,Ω),(v,w)∈H10,Γ1 (Ω)
2
a1(u,v,w)
‖ v ‖H0,Γ11(Ω)‖ u ‖div,Ω‖ w ‖H10,Γ1 (Ω)
and 0 < σ ≤ 1.
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In order to prove the existence result of the problem (Ph), we need the following lemmas; first for the
concentration, we have
Lemma 3.2. For any local solution Ch of the problem (Ph), we have the a priori estimate:
‖Ch ‖2L∞(0,t,L2(Ω)) +2η ‖Ch ‖2L2(0,t,H10,Γ1 (Ω))
≤ 2 ‖C0h ‖2L2(Ω) .
Proof. By choosing ξh =Ch, as test function in the third equation of the problem (Ph), we have
1
2
d
dt
‖Ch ‖2L2(Ω) +η ‖ ∇Ch ‖2L2(Ω) +Z(Ch,Th,Ch) = 0.
Integrating the last equality, and noticing that Z(Ch,Th,Ch) is positive, we obtain
‖Ch(t = s) ‖2L2(Ω) +2η ‖Ch ‖2L2(0,t,H10,Γ1 (Ω))≤‖C
0
h ‖2L2(Ω),
it yields
2η ‖Ch ‖2L2(0,t,H10,Γ1 (Ω))≤‖C
0
h ‖2L2(Ω) (3.1)
and
‖Ch ‖2L∞(0,t,L2(Ω))≤‖C0h ‖2L2(Ω) .
By summing the two last inequalities, the lemma holds.
Also, for the temperature, we have the following result:
Lemma 3.3. For any local solution Th of the problem (Ph), we have the a priori estimate:
‖ Th ‖2L∞(0,t,L2(Ω)) +λ ‖ Th ‖2L2(0,t,H10,Γ1 (Ω))
≤ α2ρ2λη ‖C0h ‖2L2(Ω) +2 ‖ T 0h ‖2L2(Ω) .
Proof. By choosing φh = Th, as test function in the second equation of the problem (Ph), by using Ho¨lder and
Young inequalities, we get
1
2
d
dt
‖ Th ‖2L2(Ω) +λ ‖ ∇Th ‖2L2(Ω) = Z(Ch,Th,Th)
≤ ρα ‖Ch ‖L2(Ω)‖ ∇Th ‖L2(Ω)
≤ (αρ)
2
2λ
‖Ch ‖2L2(Ω) +
λ
2
‖ ∇Th ‖2L2(Ω) .
Via integration of the last inequality, it follows
‖ Th(t = s) ‖2L2(Ω) +λ ‖ Th ‖2L2(0,t,H10,Γ1 (Ω))≤
(αρ)2
λ
‖Ch ‖2L2(0,t,L2(Ω)) + ‖ T 0h ‖2L2(Ω) .
Thus, using (3.1), we get
‖ Th(t = s) ‖2L2(Ω) +λ ‖ Th ‖2L2(0,t,H10,Γ1 (Ω))≤
α2ρ2
2λη
‖C0h ‖2L2(Ω) + ‖ T 0h ‖2L2(Ω) . (3.2)
It leads to
‖ Th ‖2L∞(0,t,L2(Ω))≤
α2ρ2
2λη
‖C0h ‖2L2(Ω) + ‖ T 0h ‖2L2(Ω) . (3.3)
From (3.2) and (3.3), the lemma holds.
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Finally, for the speed, we have the following result:
Lemma 3.4. For any local solution uh of the problem (Ph), we have the estimate:
‖ uh ‖2L∞(0,t,(L2(Ω))d) +µp ‖ uh ‖2L2(0,t,H0(div,Ω)) ≤
2(βgα)2ρ4
λ 2ηµp
‖C0h ‖2L2(Ω)
+ 4(βρg)
2
λµp ‖ T 0h ‖2L2(Ω)
+ 2 ‖ u0h ‖2(L2(Ω))d .
Proof. Similarly to the previous lemma, by choosing vh = uh, as test function in the first equation of the problem
(Ph), we have
1
2
d
dt
‖ uh ‖2(L2(Ω))d +µp ‖ uh ‖2(L2(Ω))d≤ ρβg ‖ ∇Th ‖L2(Ω)‖ uh ‖(L2(Ω))d
≤ (ρβg)22µp ‖ ∇Th ‖2L2(Ω) +
µp
2 ‖ uh ‖2(L2(Ω))d .
Then, we get
1
2
d
dt
‖ uh ‖2(L2(Ω))d +
µp
2
‖ uh ‖2(L2(Ω))d≤
(ρβg)2
2µp
‖ ∇Th ‖2L2(Ω) .
From (2.3), we obtain
1
2
d
dt
‖ uh ‖2(L2(Ω))d +
µp
2
‖ uh ‖2div,Ω≤
(ρβg)2
2µp
‖ ∇Th ‖2L2(Ω) .
By integrating the last inequality, we obtain
‖ uh(t = s) ‖2(L2(Ω))d +µp ‖ uh ‖2L2(0,t,H0(div,Ω))≤
(ρβg)2
µp
‖ Th ‖2L2(0,t,H10,Γ1 (Ω)) + ‖ u
0
h ‖2(L2(Ω))d .
Thus, using Lemma 3.3, it follows
‖ uh(t = s) ‖2(L2(Ω))d +µp ‖ uh ‖2L2(0,t,H0(div,Ω)) ≤
(βgα)2ρ4
λ 2ηµp
‖C0h ‖2L2(Ω)
+
2(βρg)2
λµp
‖ T 0h ‖2L2(Ω) + ‖ u0h ‖2(L2(Ω))d .
It leads to
‖ uh ‖2L∞(0,t,(L2(Ω))d) ≤
(βgα)2ρ4
λ 2ηµp
‖C0h ‖2L2(Ω)
+
2(βρg)2
λµp
‖ T 0h ‖2L2(Ω) + ‖ u0h ‖2(L2(Ω))d (3.4)
and
µp ‖ uh ‖2L2(0,t,H0(div,Ω)) ≤
(βgα)2ρ4
λ 2ηµp
‖C0h ‖2L2(Ω)
+
2(βρg)2
λµp
‖ T 0h ‖2L2(Ω) + ‖ u0h ‖2(L2(Ω))d . (3.5)
By summing (3.4) and (3.5), we conclude the lemma.
The existence result is given by the following theorem:
Theorem 3.5. The problem (Ph) admits at least a solution:
(uh, ph,Ch,Th) ∈ H1(0, t,Xh)×L2(0, t,Mh)×
(
H1(0, t,Wh)
)2
.
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Proof. Indeed, it is obvious that the problem (Ph) admits a local solution in the interval (0, th), with small th.
We conclude form Lemma 3.2, Lemma 3.3 and Lemma 3.4 that this solution can be extended to the interval (0, t)
with t > 0.
Remark 3.1. The existence of the continuous variational problem (Pv) can be established similarly as for the
problem (Ph).
3.2 The Error Estimates
In this section, we prove the error estimates on speed, on pressure, on temperature and on concentration. Finally,
we will state the main theorem of the section. In the sequel, we assume that there exists 0 < σ ≤ 1, such that p ∈ L
2(0, t,Hσ (Ω)),u ∈ L2(0, t,Hσ (div,Ω))∩H1(0, t,Hσ (Ω))
and
T, C ∈ L2(0, t,H1+σ (Ω))∩H1(0, t,Hσ (Ω)).
First, we have the following a priori error estimate on the speed:
Lemma 3.6. For any solution u, uh of the problem (Pv) and (Ph), respectively, and for any θ0 > 0, we have
√µp ‖ u−uh ‖L2(0,t,H0(div,Ω)). hσ
(
‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω))
+ ‖ p ‖L2(0,t,Hσ (Ω))
)
+θ0 ‖ p− ph ‖L2(0,t,L2(Ω))
+
√
3ρgβ√µp ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) .
Proof. Let u and uh be the solution of the continuous and the discretized problem (Pv) and (Ph), respectively.
We have
(∂tu−∂tuh,vh)+µp(u−uh,vh)−b(p− ph,vh) = ( f (T )− f (Th),vh), ∀vh ∈ Xh. (3.6)
By setting vh = Rhu−uh, we obtain
(Rh∂tu−∂tuh,vh)+µp(Rhu−uh,Rhu−uh) =− (∂tu−Rh∂tu,vh)+( f (T )− f (Th),vh)
+µp(Rhu−u,Rhu−uh)+b(p− ph,u−uh)
+b(p− ph,Rhu−u).
However
b(p− ph,u−uh) = b(p− rh p,u−uh).
Using holder inequality, it yields to
1
2
d
dt
‖ Rhu−uh ‖2(L2(Ω))d +µp ‖ Rhu−uh ‖2(L2(Ω))d
≤
(
‖ ∂tu−Rh∂tu ‖(L2(Ω))d +ρgβ ‖ ∇(T −Th) ‖L2(Ω)
)
× ‖ Rhu−uh ‖(L2(Ω))d + ‖ p− rh p ‖L2(Ω)‖ div(u−uh) ‖L2(Ω)
+µp ‖ u−Rhu ‖(L2(Ω))d‖ Rhu−uh ‖(L2(Ω))d
+ ‖ p− ph ‖L2(Ω)‖ div(Rhu−u) ‖L2(Ω) .
Using the young inequality, it follows
1
2
∂
∂ t
‖ Rhu−uh ‖2(L2(Ω))d +
µp
2
‖ Rhu−uh ‖2(L2(Ω))d
≤ 3
2µp
‖ ∂tu−Rh∂tu ‖2(L2(Ω))d +
3(ρgβ )2
2µp
‖ ∇(T −Th) ‖2L2(Ω)
+
θ 20
2
‖ p− ph ‖2L2(Ω) +
1
2θ 20
‖ div(Rhu−u) ‖2L2(Ω) (3.7)
+
3µp
2
‖ Rhu−u ‖2(L2(Ω))d +
1
2
‖ p− rh p ‖2L2(Ω)
+
1
2
‖ div(u−uh) ‖2L2(Ω),
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where θ0 > 0. Therfore, using (2.3), the properties of the operators Rh and rh and integrating (3.7), it follows
√µp ‖ Rhu−uh ‖L2(0,t,(L2(Ω))d) . hσ
(
‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω))
+ ‖ p ‖L2(0,t,Hσ (Ω))
)
+θ0 ‖ p− ph ‖L2(0,t,L2(Ω))
+
√
3ρgβ√µp ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) .
From the triangular inequality, we get
‖ u−uh ‖L2(0,t,(L2(Ω))d). hσ ‖ u ‖H1+σ (Ω) + ‖ Rhu−uh ‖H10,Γ1 (Ω) . (3.8)
Finally, using (3.8) and (2.3),we conclude
√µp ‖ u−uh ‖L2(0,t,H0(div,Ω)) . hσ
(
‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω))
+ ‖ p ‖L2(0,t,Hσ (Ω))
)
+
√
3ρgβ√µp ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω))
+ θ0 ‖ p− ph ‖L2(0,t,L2(Ω)) .
On the other hand, we have the following a priori error estimate on pressure:
Lemma 3.7. For p and ph, respectively, solution of the problem (Pv) and (Ph), we have
‖ p− ph ‖L2(0,t,L2(Ω)). (ν)−1 ‖ ∂tu−∂tuh ‖L2(0,t,(H0(div,Ω))∗)
+
µp
ν ‖ u−uh ‖L2(0,t,H0(div,Ω))
+ρgβν ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω))
+hσ ‖ p ‖L2(0,t,Hσ (Ω)) .
Proof. According to (3.6), we have
b(rh p− ph,vh) =b(rh p− p,vh)+b(p− ph,vh) = b(rh p− p,vh)
+(∂tu−∂tuh,vh)+µp(u−uh,vh)− ( f (T )− f (Th),vh), ∀vh ∈ Xh.
Therefore, using Holder inequality, it holds
b(rh p− ph,vh)≤ ‖ rh p− p ‖L2(Ω)‖ vh ‖div,Ω +
(‖ ∂tu−∂tuh ‖(H0(div,Ω))∗
+µp ‖ u−uh ‖(L2(Ω))d +ρgβ ‖ ∇(T −Th) ‖L2(Ω)
)
‖ vh ‖(L2(Ω))d .
Then
b(rh p− ph,vh)≤
(
‖ rh p− p ‖L2(Ω) + ‖ ∂tu−∂tuh ‖(H0(div,Ω))∗ (3.9)
+µp ‖ u−uh ‖(L2(Ω))d +ρgβ ‖ ∇(T −Th) ‖L2(Ω)
)
‖ vh ‖div,Ω .
Whence
‖ p− ph ‖L2(Ω)≤‖ p− rh p ‖L2(Ω) +
1
ν
sup
vh∈Xh
b(rh p− ph,vh)
‖ vh ‖div,Ω . (3.10)
From (3.9) and (3.10), we deduce
‖ p− ph ‖L2(0,t,L2(Ω)).hσ ‖ p ‖L2(0,t,Hσ (Ω)) +(ν)−1 ‖ ∂tu−∂tuh ‖L2(0,t,(H0(div,Ω))∗)
+
µp
ν
‖ u−uh ‖L2(0,t,H0(div,Ω)) +
ρgβ
ν
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) .
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Lemma 3.8. For u and uh, respectively, solution of the problem (Pv) and (Ph), the following estimate holds
‖ ∂tu−∂tuh ‖L2(0,t,(H0(div,Ω))∗). hσ
(
‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))
)
+ρgβ ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω))
+µp ‖ u−uh ‖L2(0,t,H0(div,Ω)) .
Proof. We introduce now the operator pih : V →Vh such that{ ∂
∂ t (v−pihv,vh) = 0, ∀vh ∈Vh,
‖pih(v)‖L2(Ω) ≤ ρ¯‖v‖L2(Ω), ∀v ∈ H1(0, t,V ),
(3.11)
where Vh = {vh ∈ Xh;
∫
Ω div(vh) q = 0 ∀q ∈ Mh} and V is the subspace of H0(div,Ω) with divergence-free
elements. For simplicity in the sequel, we will note by ρ the maximum of ρ and ρ¯ .
We have
‖ ∂tu−∂tuh ‖(H0(div,Ω))∗≤‖ ∂tu−pih∂tu ‖(H0(div,Ω))∗ + ‖ pih∂tu−∂tuh ‖(H0(div,Ω))∗ .
From which we obtain
‖ ∂tu−∂tuh ‖(H0(div,Ω))∗≤‖ ∂tu−pih∂tu ‖(H0(div,Ω))∗ + sup
vh∈Vh
∂
∂ t (pihu−uh,vh)
‖ vh ‖div,Ω . (3.12)
From (3.11) and (3.6), it follows
∂
∂ t
(pihu−uh,vh) =(∂tpihu−∂tuh,vh) = (∂tu−∂tuh,vh)
=−µp(u−uh,vh)+b(p− ph,vh)+( f (T )− f (Th),vh)
≤ ρgβ ‖ ∇(T −Th) ‖L2(Ω)‖ vh ‖(L2(Ω))d +µp ‖ u−uh ‖L2(Ω)‖ vh ‖(L2(Ω))d
+ ‖ p− rh p ‖L2(Ω)‖ div vh ‖L2(Ω) .
Then
sup
vh∈Vh
∂
∂ t (pihu−uh,vh)
‖ vh ‖div,Ω ≤ρgβ ‖ ∇(T −Th) ‖L2(Ω) +µp ‖ u−uh ‖L2(Ω)
+hσ ‖ p ‖L2(0,t,Hσ (Ω)) . (3.13)
Using the inequality (3.13), the property of the operator pih and rh and by integrating (3.12), it follows
‖ ∂tu−∂tuh ‖L2(0,t,(H0(div,Ω))∗).hσ
(
‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))
)
+ρgβ ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) +µp ‖ u−uh ‖L2(0,t,H0(div,Ω)) .
We are now able to establish the following
Lemma 3.9. For u and uh, respectively, solution of the problem (Pv) and (Ph) we have the following error
estimate: 
√µp ‖ u−uh ‖L2(0,t,H10 (Ω)). h
σ
(
‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω))
+ ‖ p ‖L2(0,t,Hσ (Ω))
)
+
2θ0µp
ν ‖ u−uh ‖L2(0,t,H0(div,Ω))
+ρgβ
(
2θ0
ν +
√
3
µp
)
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) .
where θ0 is any strictly positif real.
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Proof. From Lemma 3.7 and Lemma 3.8, we have
‖ p− ph ‖L2(0,t,L2(Ω)) . hσ (‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))) (3.14)
+
2ρgβ
ν
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) +
2µp
ν
‖ u−uh ‖L2(0,t,H0(div,Ω)) .
We deduce from Lemma 3.6 and the inequality (3.14), the following:
√µp ‖ u−uh ‖L2(0,t,H10 (Ω)).h
σ
(
‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))
)
+ρgβ
(
2θ0
ν
+
√
3
µp
)
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω))
+
2θ0µp
ν
‖ u−uh ‖L2(0,t,H0(div,Ω)) .
Also, we have the following error estimate for temperature:
Lemma 3.10. We assume that the hypothesis (H1) is verified. We have
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)). h
σ
(
‖ T ‖H1(0,t,Hσ (Ω)) + ‖ T ‖L2(0,t,H1+σ (Ω))
)
+
√
5αρ2
δ1λ
‖C−Ch ‖L2(0,t,H10,Γ1 (Ω))
+
√
5NaNT
δ1λ
‖ u−uh ‖L2(0,t,H0(div,Ω)) .
Proof. For T solution of the problem (Pv) and Th solution of the problem (Ph), we have
(∂tT −∂tTh,φh)+λ j(T −Th,φh)+a1(u−uh,T,φh)+a1(uh,T −Th,φh)
=Z(C,T,φh)− Z(Ch,Th,φh).
Therefore, using the propriety of the operator ih, we have j(ihT −Th,φh) = 0, then, by setting φh = ihT −Th, we
obtain
1
2
d
dt
‖ ihT −Th ‖2L2(Ω) +λ ‖ ∇(ihT −Th) ‖2L2(Ω)=−(∂tT − ih∂tT,φh) (3.15)
−a1(u−uh,T,φh)−a1(uh,T − ihT, ihT −Th)+ Z(C,T,φh)− Z(Ch,Th,φh),
From the Ho¨lder inequality and the embedding of the space H1(Ω) into L4(Ω), we will use in the sequel the
following result [18]:
For (u,v,w) ∈ (H10,Γ1(Ω))3, we have
|
∫
Ω
u(x)v(x)w(x)dx| ≤ 2 12 ‖u‖
1
2
L2(Ω)‖∇u‖
1
2
L2(Ω)‖v‖L2(Ω)‖w‖
1
2
L2(Ω)‖∇w‖
1
2
L2(Ω), (3.16)
it yields to
Z(C,T,φh)− Z(Ch,Th,φh) =Z(C−Ch,T,φh)+ Z(Ch,T −Th,φh) (3.17)
≤ αρ2 ‖C−Ch ‖H10,Γ1 (Ω)‖ φh ‖H10,Γ1 (Ω)
+
√
2NCα
E
RT 2i
ρ2 ‖ T −Th ‖H10,Γ1 (Ω)‖ φh ‖H10,Γ1 (Ω) .
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Then (3.15) and (3.17) yield to
1
2
d
dt
‖ ihT −Th ‖2L2(Ω) +λ ‖ ∇(ihT −Th) ‖2L2(Ω)
≤
(
ρ ‖ ∂tT − ih∂tT ‖L2(Ω) +NaNT ‖ u−uh ‖div,Ω
+NaNU ‖ ∇(T − ihT ) ‖L2(Ω)
)
‖ ∇(ihT −Th) ‖L2(Ω)
+
(
αρ2 ‖C−Ch ‖H10,Γ1 (Ω) +
√
2NCα
E
RT 2i
ρ2 ‖ T −Th ‖H10,Γ1 (Ω)
)
× ‖ ∇(ihT −Th) ‖L2(Ω) .
Whence, using the young inequality, we obtain
1
2
d
dt
‖ ihT −Th ‖2L2(Ω) +
λ
2
‖ ∇(ihT −Th) ‖2L2(Ω)
≤5ρ
2
2λ
‖ ∂tT − ih∂tT ‖2L2(Ω) +
5N2a N
2
U
2λ
‖ ∇(T − ihT ) ‖2L2(Ω)
+
5α2ρ4
2λ
‖ ∇(C−Ch) ‖2L2(Ω) +
5N2a N
2
T
2λ
‖ u−uh ‖2div,Ω
+
10N2Cα
2E2ρ4
2λR2T 4i
‖ ∇(T −Th) ‖2L2(Ω) .
By integrating and multiplying the last inequality by
2
λ
, we get
‖ ihT −Th ‖2L2(0,t,H10,Γ1 (Ω)).
(
hσ ‖ T ‖H1(0,t,Hσ (Ω)) +hσ ‖ T ‖L2(0,t,H1+σ (Ω))
)2
+
5α2ρ4
λ 2
‖C−Ch ‖2L2(0,t,H10,Γ1 (Ω))
+
5N2a N
2
T
λ 2
‖ u−uh ‖2L2(0,t,H0(div,Ω))
+10
N2C(αE)
2ρ4
R2T 4i λ 2
‖ T −Th ‖2L2(0,t,H10,Γ1 (Ω)) .
However
‖ T −Th ‖H10,Γ1 (Ω). h
σ ‖ T ‖H1+σ (Ω) + ‖ ihT −Th ‖H10,Γ1 (Ω) . (3.18)
Whence (3.18) allow us to obtain the following estimate:(
1−
√
10NCαEρ2
RT 2i λ
)
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω))
. hσ
(
‖ T ‖H1(0,t,Hσ (Ω)) + ‖ T ‖L2(0,t,H1+σ (Ω))
)
+
√
5αρ2
λ
‖C−Ch ‖L2(0,t,H10,Γ1 (Ω))
+
√
5NaNT
λ
‖ u−uh ‖L2(0,t,H0(div,Ω)) .
Finally, by setting
δ1 = 1−
√
10NCαEρ2
RT 2i λ
> 0,
the lemma holds.
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In addition, we have the following error estimate on concentration:
Lemma 3.11. For C and Ch, respectively, solution of the problem (Pv) and (Ph), we have
‖C−Ch ‖L2(0,t,H10,Γ1 (Ω)). h
σ
(
‖C ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
)
+ 2
√
2NaNC
η ‖ u−uh ‖L2(0,t,H0(div,Ω))
+2
√
2 NCαEρ
2
ηRT 2i
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) .
Proof. Similary to the proof of the previous lemma, by choosing ψh = ihC−Ch as test function we get
1
2
d
dt
‖ ihC−Ch ‖2L2(Ω) +η ‖ ∇(ihC−Ch) ‖2L2(Ω)
=−(∂tC− ih∂tC,ψh)−a1(u−uh,C,ψh) (3.19)
−a1(uh,C− ihC, ihC−Ch)− Z(C,T,ψh)+ Z(Ch,Th,ψh).
However Z(ψh,Th,ψh)≥ 0, therefore
−Z(C,T,ψh)+ Z(Ch,Th,ψh) =Z(ihC−C,T,ψh)+ Z(ihC,Th−T,ψh)− Z(ψh,Th,ψh)
≤αρ2 ‖ ∇(C− ihC) ‖L2(Ω)‖ ∇ψh ‖L2(Ω) +
∫
ihC (g(Th)−g(T ))ψh,
using (3.16), (2.2) and Poincare´ inequality, we obtain
Z(C,T,ψh)− Z(ihC,Th,ψh)≤αρ2 ‖C− ihC ‖H10,Γ1 (Ω)‖ ψh ‖H10,Γ1 (Ω) (3.20)
+
√
2NCα
E
RT 2i
ρ2 ‖ T −Th ‖H10,Γ1 (Ω)‖ ψh ‖H10,Γ1 (Ω) .
This yields, using (3.19), (3.20) and Young inequality, to
1
2
d
dt
‖ ihC−Ch ‖2L2(Ω) +
η
2
‖ ∇(ihC−Ch) ‖2L2(Ω)
≤2ρ
2
η
‖ ∂tC− ih∂tC ‖2L2(Ω) +
2N2a N
2
U
η
‖ ∇(C− ihC) ‖2L2(Ω)
+
2α2ρ4
η
‖ ∇(C− ihC) ‖2L2(Ω) +
2N2a N
2
C
η
‖ u−uh ‖2div,Ω
+
√
2NCα
E
RT 2i
ρ2 ‖ ∇(T −Th) ‖L2(Ω)‖ ∇ψh ‖L2(Ω) .
Multiplying by
2
η
, using the Young inequality and integrating, we obtain
‖ ihC−Ch ‖2L2(0,t,H10,Γ1 (Ω)).
(
hσ ‖C ‖H1(0,t,Hσ (Ω)) +hσ ‖C ‖L2(0,t,H1+σ (Ω))
)2
+
8N2a N
2
C
η2
‖ u−uh ‖2L2(0,t,H0(div,Ω))
+8
N2Cα
2E2ρ4
R2T 4i η2
‖ T −Th ‖2L2(0,t,H10,Γ1 (Ω)) .
Using the triangular inequality, the lemma holds.
Lemma 3.12. We assume that the hypothesis (H2) is verified. For T and Th solution of the problem (Pv) and
(Ph) respectively, we have
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)). h
σ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖C ‖H1(0,t,Hσ (Ω))
)
+
(
2
√
10ρ2αNaNC
δ2δ1λη
+
√
5NaNT
δ2δ1λ
)
× ‖ u−uh ‖L2(0,t,H0(div,Ω)) .
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Proof. By using Lemma 3.10 and Lemma 3.11, we have
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)).h
σ
(
‖C ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖ T ‖H1(0,t,Hσ (Ω)) + ‖ T ‖L2(0,t,H1+σ (Ω))
)
+
(
2
√
10αρ2NaNC
δ1λη
+
√
5NaNT
δ1λ
)
‖ u−uh ‖L2(0,t,H0(div,Ω))
+
2
√
10ρ4α2ENC
δ1ληRT 2i
‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)) .
So, if
δ2 = 1− 2
√
10ρ4α2ENC
δ1ληRT 2i
> 0,
we will have
δ2 ‖ T −Th ‖L2(0,t,H10,Γ1 (Ω)). h
σ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖C ‖H1(0,t,Hσ (Ω))
)
+
(
2
√
10αρ2NaNC
δ1λη
+
√
5NaNT
δ1λ
)
× ‖ u−uh ‖L2(0,t,H0(div,Ω)) .
The previous lemmas leads to the following result.
Lemma 3.13. We assume that the hypothesis (H1), (H2) and (H3) are verified, we have the following:
‖ u−uh ‖L2(0,t,H0(div,Ω)) . hσ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω))
+ ‖C ‖L2(0,t,H1+σ (Ω)) + ‖C ‖H1(0,t,Hσ (Ω))
+ ‖ u ‖L2(0,t,Hσ (div,Ω)) + ‖ u ‖H1(0,t,Hσ (Ω))
+ ‖ p ‖L2(0,t,Hσ (Ω))
)
.
Proof. First of all, by using Lemma 3.9 and Lemma 3.12, we obtain
‖ u−uh ‖L2(0,t,H0(div,Ω)).hσ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖C ‖H1(0,t,Hσ (Ω)) + ‖ u ‖L2(0,t,Hσ (div,Ω))
+ ‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))
)
+
(
2θ0√µpν
(
µp +ρgβ
(
2
√
10αρ2NaNC
δ2δ1λη
+
√
5NaNT
δ2δ1λ
))
+
√
3
µp
ρgβ
(
2
√
10αρ2NaNC
δ2δ1λη
+
√
5NaNT
δ2δ1λ
))
× ‖ u−uh ‖L2(0,t,H0(div,Ω)) .
If the following assumption holds:
√
3ρgβ
µpδ2δ1λ
(
2
√
10αρ2NaNC
η
+
√
5NaNT
)
≤ 1−δ3 with 0 < δ3 < 1,
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for example, if δ3 = 34 , we will have the following error estimate:
‖ u−uh ‖L2(0,t,H0(div,Ω)).hσ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖C ‖H1(0,t,Hσ (Ω)) + ‖ u ‖L2(0,t,Hσ (div,Ω))
+ ‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))
)
+
(
2θ0
ν√µp
(
µp +ρgβ
(
2
√
10αρ2NaNC
δ2δ1λη
+
√
5NaNT
δ2δ1λ
))
+
1
4
)
× ‖ u−uh ‖L2(0,t,H0(div,Ω)) .
Whence, for
θ0 =
ν√µp
8
(
µp +ρgβ
(
2
√
10αρ2NaNC
δ2δ1λη
+
√
5NaNT
δ2δ1λ
))−1
,
we obtain
‖ u−uh ‖L2(0,t,H0(div,Ω)).hσ
(
‖ T ‖L2(0,t,H1+σ (Ω)) + ‖ T ‖H1(0,t,Hσ (Ω)) + ‖C ‖L2(0,t,H1+σ (Ω))
+ ‖C ‖H1(0,t,Hσ (Ω)) + ‖ u ‖L2(0,t,Hσ (div,Ω))
+ ‖ u ‖H1(0,t,Hσ (Ω)) + ‖ p ‖L2(0,t,Hσ (Ω))
)
.
Using Lemma 3.7, Lemma 3.11, Lemma 3.12 and Lemma 3.13 concerning the a priori error estimates on
pressure, concentration, temperature and speed; the main Theorem 3.1 of the section is proved.
4. The fully discrete problem
4.1 Problem presentation
Let k = ∆t be a small parameter, the fully discrete problem is given by: For Cnh , ,T
n
h ,u
n
h known,
find Cn+1h ∈Wh, T n+1h ∈Wh, un+1h ∈ Xh and pn+1h ∈Mh such that:
(Pnh )

∀vh ∈ Xh, (un+1h ,vh)0,Ω+ kµp(un+1h ,vh)− kb(pn+1h ,vh),
= k( f (T n+1h ),vh)0,Ω+(u
n
h,vh)0,Ω
∀φh ∈Wh, (Cn+1h ,φh)0,Ω+ kη j(Cn+1h ,φh)+ ka1(unh,Cn+1h ,φh)
+kZ(Cn+1h ,T
n
h ,φh) = (C
n
h ,φh)0,Ω,
∀φh ∈Wh,(T n+1h ,φh)0,Ω+ kλ j(T n+1h ,φh)+ ka1(unh,T n+1h ,φh)
−kZ(Cn+1h ,T nh ,φh) = (T nh ,φh)0,Ω,
∀qh ∈Mh, b(qh,un+1h ) = 0.
By classical arguments [12, 19], we have the following lemma:
Lemma 4.1. For all n ∈ IN∗, the problem admits a unique solution
(unh, p
n
h,T
n
h ,C
n
h) ∈ Xh×Mh×W 2h .
In the sequel of this paper, for each n positive integer, we denoted by Cnh , T
n
h , u
n
h and p
n
h the discrete solution
of the problem (Pnh ).
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4.2 Main result
In the following, we set:
N˜u = ‖u‖L∞(0,t,H0(div,Ω)) , M˜u = sup0≤k≤N ‖ukh‖div,Ω,
N˜T = ‖T‖L∞(0,t,H10,Γ1 (Ω)), N˜C = ‖C‖L∞(0,t,H10,Γ1 (Ω)),
∂ tφ n = φ
n−φn−1
k .
The main theorem of the section is the following:
Theorem 4.2. Assume that the following conditions are verified: k ≤ 14 and
H1 : NaN˜T < λ/2, H3 : 6(ρα)2 < η ,
H2 : NaN˜C < η/2, H4 : 6(ρα)2(N˜C ERT 2i
)2 < λ/2,
H5 : k
(
6(ρα)2 max
(
1,2(N˜C ERT 2i
)2
))
< 78
If the solution of the problem (Pnh ) admits the following regularity:
u ∈W 2,∞(0, t,(L2(Ω))d)∩W 1,∞(0, t,H0(div,Ω))∩L∞(0, t,Hσ (div,Ω)),
p ∈ L∞(0, t,Hσ (Ω)),
T,C ∈W 2,∞(0, t,L2(Ω))∩W 1,∞(0, t,H10,Γ1(Ω))∩L∞(0, t,H1+σ (Ω)),
Then, we have the following error estimates:
kµp‖un−unh‖2div,Ω . (h2σ + k2)(kn+ k2n2)
for the velocity,
‖pn− pnh‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3)
for the pressure,
‖T n−T nh ‖20,Ω+ 87(1−w)kλ‖∇(T n−T nh )‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3)
for the temperature and
‖Cn−Cnh‖20,Ω+ 87(1−w)k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3)
for the concentration.
Here 0 < σ ≤ 1 and w = 8k7 (6ρα)2 max(1,2(N˜C ERT 2b )
2).
subsectionStudy of stability
The main result of this subsection is to prove stability of our fully-discrete approximate scheme. For this we
need some technical lemmas.
First we have
Lemma 4.3. For all n ∈ IN∗, we have
‖Cnh‖20,Ω+∑n−1i=0 ‖Ci+1h −Cih‖20,Ω+2kη∑ni=1 ‖Ch‖21,Ω ≤ ‖C0h‖20,Ω.
Proof. First of all, let us notice that
a1(unh,C
n+1
h ,C
n+1
h ) = 0 and Z(C
n+1
h ,T
n
h ,C
n+1
h )≥ 0.
By choosing Cn+1h as test function in the first equation of the problem (P
n
h ) and using 4.1 it follows
‖Cn+1h ‖20,Ω+‖Cn+1h −Cnh‖20,Ω+2kη‖Cn+1h ‖21,Ω ≤ ‖Cnh‖20,Ω.
Now, by summing over time, we obtain
‖Cn+1h ‖20,Ω+
n
∑
i=0
‖Ci+1h −Cih‖20,Ω+2kη
n+1
∑
i=1
‖Cih‖21,Ω ≤ ‖C0h‖20,Ω.
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Also, for the temperature, we have the following
Lemma 4.4. For all n ∈ IN∗, we have
‖T nh ‖20,Ω+∑n−1i=0 ‖T i+1h −T ih‖20,Ω+λk∑ni=1 ‖T ih‖21,Ω ≤ ‖T 0h ‖20,Ω+ ρ
4
2λη ‖C0h‖0,Ω.
Proof. By choosing T n+1h as test function in the second equation of the problem (P
n
h ) and using (4.1) we have
‖T n+1h ‖20,Ω+‖T n+1h −T nh ‖20,Ω+2kλ‖T n+1h ‖21,Ω ≤ 2kZ(Cn+1h ,T nh ,T n+1h )+‖T nh ‖20,Ω.
However
Z(Cn+1h ,T
n
h ,T
n+1
h )≤
α2ρ4
2λ
‖Cn+1h ‖21,Ω+
λ
2
‖T n+1h ‖21,Ω.
Therefore
‖T n+1h ‖20,Ω+‖T n+1h −T nh ‖20,Ω+ kλ‖T n+1h ‖21,Ω ≤ ‖T nh ‖20,Ω+ k
α2ρ4
λ
‖(Cn+1h ‖21,Ω.
By summing over time and using Lemma 4.3, We conclude
‖T n+1h ‖20,Ω+
n
∑
i=0
‖T i+1h −T ih‖20,Ω+ kλ
n+1
∑
i=1
‖T ih‖21,Ω ≤ ‖T 0h ‖20,Ω+ α
2ρ4
2ηλ ‖C0h‖21,Ω.
Finally, for the velocity, the following result holds:
Lemma 4.5. For all n ∈ IN∗, we have ‖u
n
h‖20,Ω+
n−1
∑
i=0
‖ui+1h −uih‖20,Ω+ kµp
n
∑
i=1
‖uih‖2div,Ω ≤ (ρgβ )
2
µpλ
(
‖T 0h ‖20,Ω+ α
2ρ4
2λη ‖C0h‖20,Ω
)
+‖u0h‖20,Ω.
Proof. By choosing un+1h ∈Vh as test function in the third equation of the problem (Pnh ), we have
‖un+1h ‖20,Ω+‖un+1h −unh‖20,Ω+2kµp‖un+1h ‖20,Ω = 2k( f (T n+1h ),un+1h )+‖unh‖20,Ω.
However
2k( f (T n+1h ),u
n+1
h )≤ kµp‖un+1h ‖20,Ω+
(ρgβ )2
µp
k‖T n+1h ‖21,Ω.
Hence, by summing over time, using Lemma 4.4 and Lemma 4.3, we deduce
‖un+1h ‖20,Ω+
n
∑
i=0
‖ui+1h −uih‖20,Ω+ kµp
n+1
∑
i=1
‖uih‖20,Ω ≤ (ρgβ )
2
µpλ
(
‖T 0h ‖20,Ω+ α
2ρ4
2λη ‖C0h‖20,Ω
)
+‖u0h‖20,Ω.
Finely according to (2.3), we conclude
‖un+1h ‖20,Ω+
n
∑
i=0
‖ui+1h −uih‖20,Ω+ kµp
n+1
∑
i=1
‖uih‖2div,Ω ≤ (ρgβ )
2
µpλ
(
‖T 0h ‖20,Ω+ α
2ρ4
2λη ‖C0h‖20,Ω
)
+‖u0h‖20,Ω.
Now, using the Lemmas 4.4, 4.3 and 4.5 we easily deduce the following stability result:
Theorem 4.6. For all n positive integer the fully-discrete problem (Pnh ) is stable.
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4.3 The Error Estimates
In this subsection, we will prove some error estimates on speed, on the pressure, on the temperature and on the
concentration and we will use the following identity
a(a−b) = 1
2
(a2−b2 +(a−b)2), (4.1)
First, we have the following technical estimate:
Lemma 4.7. For n positive
‖∂tun−∂ tunh‖(H0(div,Ω))∗ . hσ +µp‖un−unh‖div,Ω+ρgβ‖T n−T nh ‖1,Ω.
Proof. First, let pih be the operator defined by (3.11), we have
‖∂tun−∂ tunh‖(H0(div,Ω))∗ ≤ ‖∂tun−pih∂tun‖(H0(div,Ω))∗ +‖pih∂tun−∂ tunh‖(H0(div,Ω))∗ (4.2)
≤ ‖∂tun−pih∂tun‖(H0(div,Ω))∗ + sup
vh∈Vh
(pih∂tun−∂ tunh,vh)0,Ω
‖vh‖div,Ω .
Using the equality (3.11), it follows that for all vh ∈Vh:
(pih∂tun−∂ tunh,vh)0,Ω = (∂tun,vh)0,Ω− (∂ tunh,vh)0,Ω
= −µp(un−unh,vh)+b(pn− pnh,vh) (4.3)
+( f (T n)− f (T nh ),vh).
Whence
b(pn− pnh,vh) = b(pn− rh pn,vh), (4.4)
therefore
b(pn− pnh,vh)≤ ‖pn− rh pn‖0,Ω‖div(vh)‖0,Ω,
it leads to
b(pn− pnh,vh). hσ‖p‖L∞(0,t,Hσ (Ω))‖vh‖div,Ω. (4.5)
Using (4.3), (4.5) and the Young inequality, we have
sup
vh∈Vh
(pih∂tun−∂ tunh,vh)0,Ω
‖vh‖div,Ω . h
σ +µp‖un−unh‖div,Ω
+ρgβ‖∇(T n−T nh )‖0,Ω.
Finally, from (4.2) the lemma holds.
This leads to the following result:
Lemma 4.8. On pressure, the error estimate holds
‖pn− pnh‖0,Ω . hσ +2β−11 µp‖(un−unh)‖0,Ω+2β−11 ρgβ‖∇(T n−T nh )‖0,Ω.
Proof. First of all, we have
‖pn− pnh‖0,Ω ≤‖pn− rh pn‖0,Ω+‖rh pn− pnh‖0,Ω
.hσ‖p‖L∞(0,t,Hσ (Ω))+β−11 sup
vh∈Xh
b(rh pn− pnh,vh)
‖vh‖div,Ω
.hσ +β−11 sup
vh∈Xh
b(pn− pnh,vh)
‖vh‖div,Ω .
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From (4.4), we have
b(pn− pnh,vh) = (∂tun−∂ tunh,vh)+µp(un−unh,vh)− ( f (T n)− f (T nh ),vh),
using Young inequality, we have
b(pn− pnh,vh)≤
(
‖∂tun−∂ tunh‖(H0(div,Ω))∗‖vh‖0,Ω+ µp‖un−unh‖0,Ω‖vh‖0,Ω
+ρgβ‖∇(T n−T nh )‖0,Ω)‖vh‖0,Ω,
therefore
b(pn− pnh,vh). (hσ +2µp‖un−unh‖0,Ω +2ρgβ‖∇(T n−T nh )‖0,Ω)‖vh‖div,Ω,
from where, we deduce
‖pn− pnh‖0,Ω .hσ +2β−11 µp‖un−unh‖0,Ω+2β−11 ρgβ‖∇(T n−T nh )‖0,Ω.
Lemma 4.9. For n positive integer, we have
‖∂ tRhun−∂tun‖0,Ω . k‖u‖W 2,∞(0,t,(L2(Ω))d)+hσ‖u‖W 1,∞(0,t,H0(div,Ω)).
Proof. By using triangular inequality, we have
‖∂ tRhun−∂tun‖0,Ω ≤ ‖∂ tRhun−∂ tun‖0,Ω+‖∂ tun−∂tun‖0,Ω.
Using Taylor-Young formula with integral remainder
‖∂ tRhun−∂ tun‖0,Ω+‖∂ tun−∂tun‖0,Ω = ‖1k
∫ tn
tn−k
(Rh∂tu−∂tu)ds‖0,Ω
+‖
∫ tn
tn−k
(s− tn−1) ∂
2
∂ t2
uds‖0,Ω,
therefore
‖∂ tRhun−∂tun‖0,Ω . hσ‖u‖W 1,∞(0,t,H0(div,Ω))+ k‖u‖W 2,∞(0,t,(L2(Ω))d).
Lemma 4.10. With the assumption k ≤ 14 , we have
(1+2kµp)‖un−unh‖2div,Ω . kn(h2σ + k2)+2k(ρgβ )2(1+ 12µp )∑ni=1 ‖∇(T i−T ih)‖20,Ω.
Proof. For the proof of this lemma, we recall the following lemma, known as the Gronwall lemma [20]:
Lemma 4.11. Let an, bn and cn three positive sequences, cn not decreasing sequence, Assume that
an +bn ≤ cn +ν
n−1
∑
i=0
ai, ν > 0
and
a0 +b0 ≤ c0,
then the following result holds
an ≤ cn exp(νn).
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For ξ n = Rhun−unh ∈ Xh, we have
(∂ tξ n,ξ n)+µp(un−unh,un−unh) = µp(un−unh,un−unh)+(∂ tRhun,ξ n)− (∂ tunh,ξ n).
However, if we choose ξ n as test function in the third equation of (Pnh ), we obtain
(∂ tξ n,ξ n)+µp(un−unh,un−unh) =µp(un−unh,un−unh)+(∂ tRhun,ξ n)+µp(unh,ξ n)
−b(pnh,ξ n)− ( f (T nh ),ξ n),
however
(∂tun,ξ n) =−µp(un,ξ n)+b(pn,ξ n)+( f (T n),ξ n),
therefore
(∂ tξ n,ξ n)+µp(un−unh,un−unh) =µp(un−unh,un−unh)+(∂ tRhun−∂tun,ξ n)
+µp(unh,ξ
n)−b(pnh,ξ n)− ( f (T nh ),ξ n)−µp(un,ξ n)
+b(pn,ξ n)+( f (T n),ξ n),
it leads to
(∂ tξ n,ξ n)+µp(un−unh,un−unh) = (∂ tRhun−∂tun,ξ n)+( f (T n)− f (T nh ),ξ n)
+(b(pn,ξ n)−b(pnh,ξ n))+µp ((un−unh,un−unh)
+(unh,ξ
n)− (un,ξ n)) . (4.6)
On other hand
b(pn,ξ n)−b(pnh,ξ n) = b(pn− pnh,Rhun−un)+b(pn− pnh,un−unh)
= b(pn− pnh,Rhun−un)+b(pn− rh pn,un−unh) (4.7)
+b(rh pn− pnh,un−unh).
Remark that Rh pn− pnh ∈Mh then we deduce
b(rh pn− pnh,un−unh) = 0.
We have also:
(un−unh,un−unh)+(unh,ξ n)− (un,ξ n) = (un−unh,un−unh− (Rhun−unh)),
then
(un−unh,un−unh)+(unh,ξ n)− (un,ξ n) = (un−unh,un−Rhun). (4.8)
Using now the equalities (4.6), (4.7) and (4.8) gives, for all θ1, θ2 > 0 independents of h and k
(∂ tξ n,ξ n)+µp‖un−unh‖20,Ω .
(
‖un−Rhun‖20,Ω+‖∂ tRhun−∂tun‖20,Ω+‖pn− rh pn‖20,Ω
)
+‖ξ n‖20,Ω+θ1‖pn− pnh‖20,Ω+
(ρgβ )2
2
‖∇(T n−T nh )‖20,Ω
+θ2‖un−unh‖20,Ω.
However, using (4.1),
(∂ tξ n,ξ n)+µp‖un−unh‖20,Ω =
1
2k
(‖ξ n‖20,Ω−‖ξ n−1‖20,Ω+‖ξ n−ξ n−1‖20,Ω) (4.9)
+µp‖un−unh‖20,Ω.
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Using the Lemma 4.8, Lemma 4.9, the equality (4.1) and (4.9) we obtain
1
2k
(‖ξ n‖20,Ω−‖ξ n−1‖20,Ω+‖ξ n−ξ n−1‖20,Ω)+µp‖un−unh‖20,Ω
.
(
h2σ + k2
)
+
(
θ1
4µ2p
β 21
+θ2
)
‖un−unh‖20,Ω (4.10)
+(ρgβ )2
(
1
2
+θ1
4
β 21
)
‖∇(T n−T nh )‖20,Ω+‖ξ n‖20,Ω.
Then for
θ2 =
µp
4
and
θ1 =
1
4
(
4µp
β 21
)−1,
it holds
(θ1
4µ2p
β 21
+θ2) =
µp
2
,
therefore, from the inequality (4.10), it follows
‖ξ n‖20,Ω+ kµp‖un−unh‖20,Ω .‖ξ n−1‖20,Ω+2k‖ξ n‖20,Ω+ k(ρgβ )2(1+
1
2µp
)‖∇(T n−T nh )‖20,Ω
+ k(h2σ + k2).
By summing over time, we have
‖ξ n‖20,Ω+ kµp
n
∑
i=1
‖ui−uih‖20,Ω . 2k∑ni=1 ‖ξ i‖20,Ω+ k(ρgβ )2(1+ 12µp )
×∑ni=1 ‖∇(T i−T ih)‖20,Ω+ kn(h2σ + k2).
If 2k ≤ 12 , we obtain
‖ξ n‖20,Ω+2kµp‖un−unh‖20,Ω . kn(h2σ + k2)+4k
n−1
∑
i=1
‖ξ i‖20,Ω
+2k(ρgβ )2(1+
1
2µp
)
n
∑
i=1
‖∇(T i−T ih)‖20,Ω.
By using Gronwall lemma with:
an = ‖ξ n‖20,Ω, bn = 2kµp‖un−unh‖20,Ω,
cn = kn(h2σ + k2)+2k(ρgβ )2(1+
1
2µp
)
n
∑
i=1
‖∇(T i−T ih)‖20,Ω,
we obtain
‖ξ n‖20,Ω+2kµp‖un−unh‖20,Ω .
(
kn(h2σ + k2)+2k(ρgβ )2(1+
1
2µp
)
n
∑
i=1
‖∇(T i−T ih)‖20,Ω
)
exp(4kn),
it leads to
‖un−unh‖20,Ω+2kµp‖un−unh‖20,Ω ≤ ‖un−Rhun‖20,Ω+‖ξ n‖20,Ω+2kµp‖(un−unh)‖20,Ω
. kn(h2σ + k2)+2k(ρgβ )2(1+ 1
2µp
)
n
∑
i=1
‖∇(T i−T ih)‖20,Ω.
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Finally, using (2.3), we conclude
(1+2kµp)‖un−unh‖2div,Ω . kn(h2σ + k2)+2k(ρgβ )2(1+
1
2µp
)
n
∑
i=1
‖∇(T i−T ih)‖20,Ω.
For the temperature estimate, we will need the following lemmas:
Lemma 4.12. For all constants θ3,θ4 independents of k and h, we have{
|a1(un−1h ,T nh ,ηn)−a1(un,T n,ηn)|. (h2σ + k2)+(θ3NaM˜u +NaN˜T )‖∇(T n−T nh )‖20,Ω
+(θ4NaN˜T +NaN˜T/2)‖un−1−un−1h ‖2div,Ω.
Proof. We set ηn = rhT n−T nh . By using the triangular inequality, we have
|a1(un−1h ,T nh ,ηn)−a1(un,T n,ηn)| ≤ |a1(un−1h ,T nh ,ηn)−a1(un−1h ,T n,ηn)|
+|a1(un−1h ,T n,ηn)−a1(un−1,T n,ηn)|
+|a1(un−1,T n,ηn)−a1(un,T n,ηn)|
≤ NaM˜u‖∇(T n−T nh )‖0,Ω‖∇(T nh − rhT n)‖0,Ω
+NaN˜T‖un−1−un−1h ‖div,Ω‖∇(T n− rhT n)‖0,Ω
+NaN˜T‖un−1−un−1h ‖div,Ω‖∇(T n−T nh )‖0,Ω
+NaN˜T‖un−un−1‖div,Ω‖∇(T n− rhT n)‖0,Ω
+NaN˜T‖un−un−1‖div,Ω‖∇(T n−T nh )‖0,Ω,
It leads to
|a1(un−1h ,T nh ,ηn)−a1(un,T n,ηn)| ≤ (θ3NaM˜u +NaN˜T )‖∇(T n−T nh )‖20,Ω+‖∇(T n− rhT n)‖20,Ω
+(θ4NaN˜T +NaN˜T/2)‖un−1h −un−1‖2div,Ω+‖un−un−1‖2div,Ω
. (h2σ + k2)+(θ3NaM˜u +NaN˜T )‖∇(T n−T nh )‖20,Ω
+(θ4NaN˜T +NaN˜T/2)‖un−1−un−1h ‖2div,Ω.
Lemma 4.13. We have the following a priori estimate:
‖∂ trhT n−∂tT n‖0 . (hσ + k).
Proof. By applying the development of Taylor with remainder integral, we obtain
‖∂ trhT n−∂tT n‖0,Ω ≤ ‖∂ trhT n−∂ tT n‖0,Ω+‖∂ tT n−∂tT n‖0,Ω
= ‖1
k
∫ tn
tn−1
(rh∂tT (s)−∂tT (s))ds‖0,Ω
+‖
∫ tn
tn−1
(
s− tn−1)∂ 2t2T (s)ds‖0,Ω
.
(
hσ‖T‖W 1,∞(0,t,Hσ (Ω))+ k‖T‖W 2,∞(0,t,L2(Ω))
)
. (hσ + k).
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Lemma 4.14. For all constants θi, i = 3, ..,7 independents of h and k, we have
1
2k
(
‖ηn‖20,Ω− ‖ηn−1‖20,Ω+ ‖ηn−ηn−1‖20,Ω
)
+λ‖∇(T n−T nh )‖20,Ω
. (h2σ + k2)+(θ5 +θ6 +θ7)‖ηn‖20,Ω
+(θ3NaM˜u +NaN˜T )‖∇(T n−T nh )‖20,Ω
+2ρ2
N˜2C(
Eα
RT 2i
)2
4θ7
‖∇(T n−1−T n−1h )‖20,Ω
+ (αρ)
2
4θ6
‖∇(Cn−Cnh)‖20,Ω
+(θ4NaN˜T + NaN˜T2 )‖un−1−un−1h ‖2div,Ω.
Proof. For T n and T nh solution of the problem (Ph) and (Pv), from the tree following equalities:
(∂ tηn,ηn)+λ j(T n−T nh ,T n−T nh ) = (∂ trhT n−∂ tT nh ,ηn)+λ j(T n−T nh ,T n−T nh ),
(∂ tT nh ,η
n) =−λ j(T nh ,ηn)−a1(un−1h ,T nh ,ηn)+ Z(Cnh ,T n−1h ,ηn)
and
(∂tT n,ηn) =−λ j(T n,ηn)−a1(un,T n,ηn)+ Z(Cn,T n,ηn),
where ηn = rhT n−T nh , we obtain
(∂ tηn,ηn)+λ j(T n−T nh ,T n−T nh ) =(∂ trhT n−∂tT n,ηn)+λ j(T nh −T n,ηn)
+λ j(T n−T nh ,T n−T nh )+a1(un−1h ,T nh ,ηn) (4.11)
−a1(un,T n,ηn)+ Z(Cn,T n,ηn)
− Z(Cnh ,T n−1h ,ηn).
However
j(T n−T nh ,T n−T nh )+ j(T nh −T n,ηn) = j(T n−T nh ,T n− rhT n)
= j(T n− rhT n,T n− rhT n) (4.12)
+ j(rhT n−T nh ,T n− rhT n),
using (4.1), the equalities (4.11) and (4.12), yields to
1
2k
(‖ηn‖20,Ω−‖ηn−1‖20,Ω+‖ηn−ηn−1‖20,Ω)+λ‖∇(T n−T nh )‖20,Ω
= (∂ trhT n−∂tT n,ηn)+λ‖∇(T n− rhT n)‖20,Ω
+a1(un−1h ,T
n
h ,η
n)−a1(un,T n,ηn) (4.13)
+ Z(Cn,T n,ηn)− Z(Cnh ,T n−1h ,ηn).
We have also
Z(Cn,T n,ηn)− Z(Cnh ,T n−1h ,ηn) = Z(Cn,T n,ηn)− Z(Cn,T n−1,ηn)
+Z(Cn,T n−1,ηn)− Z(Cnh ,T n−1,ηn)
+Z(Cnh ,T
n−1,ηn)− Z(Cnh ,T n−1h ,ηn)
. k‖T‖W 1,∞(0,t,H1(Ω)‖ηn‖0,Ω
+ρα‖∇(Cn−Cnh)‖0,Ω‖ηn‖0,Ω
+
√
2ρ
Eα
RT 2i
N˜C‖∇(T n−1−T n−1h )‖0,Ω‖ηn‖0,Ω,
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then using the Lemma 4.12, Lemma 4.13 and the equality (4.13), we have
1
2k
(‖ηn‖20,Ω−‖ηn−1‖20,Ω+‖ηn−ηn−1‖20,Ω)+λ‖∇(T n−T nh )‖20,Ω
. (hσ + k)‖ηn‖0,Ω+λ‖∇(T n− rhT n)‖20,Ω
+(h2σ + k2)+(θ3NaM˜u +NaN˜T )‖∇(T n−T nh )‖20,Ω
+(θ4NaN˜T +
NaN˜T
2
)‖un−1−un−1h ‖2div,Ω
+ k‖ηn‖0,Ω+ρα‖∇(Cn−Cnh)‖0,Ω‖ηn‖0,Ω
+
√
2ρN˜C
Eα
RT 2i
‖∇(T n−1−T n−1h )‖0,Ω‖ηn‖0,Ω.
Finally, we deduce
1
2k
(‖ηn‖20,Ω−‖ηn−1‖20,Ω+‖ηn−ηn−1‖20,Ω)+λ‖∇(T n−T nh )‖20,Ω
. (h2σ + k2)+(θ5 +θ6 +θ7)‖ηn‖20,Ω
+(θ3NaM˜u +NaN˜T )‖∇(T n−T nh )‖20,Ω
+2ρ2
N˜2C(
Eα
RT 2i
)2
4θ7
‖∇(T n−1−T n−1h )‖20,Ω
+(θ4NaN˜T +
NaN˜T
2
)‖un−1−un−1h ‖2div,Ω
+
(αρ)2
4θ6
‖∇(Cn−Cnh)‖20,Ω.
Now, we are able to state the following:
Lemma 4.15. We assume that (k ≤ 14 ),H1 andH4 are verified. Then we have
‖T n−T nh ‖20,Ω+ 87λk‖∇(T n−T nh )‖20,Ω . 16kNaN˜T7 (θ4 + 12 )∑n−1i=1 ‖ui−uih‖2div,Ω
+ 487 (αρ)
2k∑ni=1 ‖∇(Ci−Cih)‖20,Ω
kn(h2σ + k2).
Proof. By choosing θ5 = θ6 = θ7 = 112 and θ3 =
λ−2NaN˜T
2NaM˜u
in Lemma 4.14, we obtain
1
2k
(‖ηn‖20,Ω−‖ηn−1‖20,Ω+‖ηn−ηn−1‖20,Ω)+ λ2 ‖∇(T n−T nh )‖20,Ω
. 1
4
‖ηn‖20,Ω+(h2σ + k2)++3(αρ)2‖∇(Cn−Cnh)‖20,Ω
+6ρ2N˜2C(
Eα
RT 2i
)2‖∇(T n−1−T n−1h )‖20,Ω
+(θ4NaN˜T +
NaN˜T
2
)‖un−1−un−1h ‖2div,Ω.
Then, by summing over time, we have
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1
2k
‖ηn‖20,Ω+
λ
2
n
∑
i=1
‖∇(T i−T ih)‖20,Ω .
1
4
n
∑
i=1
‖η i‖20,Ω+n(h2σ + k2)
+6ρ2N˜2C(
Eα
RT 2i
)2
n−1
∑
i=1
‖∇(T i−T ih)‖20,Ω
+3(αρ)2
n
∑
i=1
‖∇(Ci−Cih)‖20,Ω
+(θ4NaN˜T +
NaN˜T
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω.
However, assuming that
6ρ2N˜2C(
Eα
RT 2i
)2 ≤ λ
2
and k ≤ 1
2
,
following results holds
7
8
‖ηn‖20,Ω+λk‖∇(T n−T nh )‖20,Ω .
k
2
n−1
∑
i=1
‖η i‖20,Ω+ kn(h2σ + k2)
+6(αρ)2k
n
∑
i=1
‖∇(Ci−Cih)‖20,Ω
+2k(θ4NaN˜T +
NaN˜T
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω.
Using the discrete Gronwall Lemma, we have
‖ηn‖20,Ω+
8
7
kλ‖∇(T n−T nh )‖20,Ω .
(
kn(h2σ + k2)+
16k
7
(θ4NaN˜T +
NaN˜T
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω
+
48
7
(αρ)2k
n
∑
i=1
‖∇(Ci−Cih)‖20,Ω
)
exp(kn).
From the triangular inequality
‖T n−T nh ‖20,Ω+
8
7
kλ‖∇(T n−T nh )‖20,Ω ≤ ‖T n− rhT n‖20,Ω+‖ηn‖20,Ω+
8
7
kλ‖∇(T n−T nh )‖20,Ω
. h2σ‖T‖2L∞(0,t,Hσ (Ω))+‖ηn‖20,Ω+
8
7
kλ‖∇(T n−T nh )‖20,Ω.
The estimate error on concentration derive from the two technical lemmas:
Lemma 4.16. For all constants θ8,θ9, independents of h and k, we have
|a1(un−1h ,Cnh ,εn1 )−a1(un,Cn,εn1 )|. (θ8NaM˜u +NaN˜C)‖∇(Cn−Cnh)‖20,Ω
+NaN˜C(θ9 + 12 )‖un−1−un−1h ‖2div,Ω
(h2σ + k2).
Proof. The proof is similar to the proof of the Lemma 4.12.
Lemma 4.17. We have the following estimate:
‖∂trhCn−∂tCn‖0,Ω . (hσ + k).
Proof. The proof is similar to the proof of the Lemma 4.13.
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Lemma 4.18. For all constants θi, i = 8, ..,12 independents of h and k, we have
1
2k
(
‖εn‖20,Ω −‖εn−1‖20,Ω+ ‖εn− εn−1‖20,Ω
)
+η‖∇(Cn−Cnh)‖20,Ω
. (h2σ + k2)+(θ10 +θ11 +θ12)‖εn‖20,Ω
+NaN˜C(θ9 +
1
2
)‖un−1−un−1h ‖2div,Ω
+Na(θ8M˜u + N˜C)‖∇(Cn−Cnh)‖20,Ω
+2ρ2
N˜2C(
Eα
RT 2i
)2
4θ12
‖∇(T n−T n−1h )‖20,Ω
+ (αρ)
2
4θ11
‖∇(Cn−Cnh)‖20,Ω.
Proof. We set εn = rhCn−Cnh . First of all, we have
(∂ tεn,εn)+η j(Cn−Cnh ,Cn−Cnh) = (∂ trhCn−∂ tCnh ,εn)+η j(Cn−Cnh ,Cn−Cnh),
however
(∂ tCnh ,ε
n) =−η j(Cnh ,εn)−a1(un−1h ,Cnh ,εn)− Z(Cnh ,T n−1h ,εn).
Therefore, we get:
(∂ tεn,εn)+η j(Cn−Cnh ,Cn−Cnh) = (∂ trhCn,εn)+η j(Cnh ,εn)
+η j(Cn−Cnh ,Cn−Cnh)
+a1(un−1h ,C
n
h ,ε
n)+ Z(Cnh ,T
n−1
h ,ε
n)
= (∂ trhCn−∂tCn,εn)+η j(Cnh −Cn,εn)
+η j(Cn−Cnh ,Cn−Cnh)
+a1(un−1h ,C
n
h ,ε
n)−a1(un,Cn,εn)
−Z(Cn,T n,εn)+ Z(Cnh ,T n−1h ,εn).
Also
j(Cn−Cnh ,Cn−Cnh)+ j(Cnh −Cn,εn) = j(Cn−Cnh ,Cn− rhCn)
= j(Cn− rhCn,Cn− rhCn)
+ j(rhCn−Cnh ,Cn− rhCn),
whence, j(rhCn−Cnh ,Cn− rhCn) = 0, by using the identity (4.1), it follows
1
2k
(‖εn‖2−‖εn−1‖2 +‖εn− εn−1‖2)+η‖∇(Cn−Cnh)‖2
=(∂ trhCn−∂tun,εn)+η‖∇(Cn− rhCn)‖20,Ω
+a1(un−1h ,C
n
h ,ε
n)−a1(un,Cn,εn)
− Z(Cn,T n,εn)+ Z(Cnh ,T n−1h ,εn).
We have as well, using the Holder inequality and (3.16)
Z(Cn,T n,εn)− Z(Cnh ,T n−1h ,εn) = Z(Cn,T n,εn)− Z(Cn,T n−1,εn)
+Z(Cn,T n−1,εn)− Z(Cnh ,T n−1,εn)
+Z(Cnh ,T
n−1,εn)− Z(Cnh ,T n−1h ,εn)
. k‖T‖W 1,∞(0,t,Hσ (Ω))‖εn‖0,Ω
+ρα‖∇(Cn−Cnh)‖0,Ω‖εn‖0,Ω
+
√
2ρ
Eα
RT 2i
N˜C‖∇(T n−1−T n−1h )‖0,Ω‖εn‖0,Ω,
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it follows
1
2k
(‖εn‖20,Ω− ‖εn−1‖20,Ω+‖εn− εn−1‖20,Ω)+η‖∇(Cn−Cnh)‖20,Ω
. (hσ + k)‖εn‖0,Ω+η‖∇(Cn− rhCn)‖20,Ω
+(θ8NaM˜u +NaN˜C)‖∇(Cn−Cnh)‖20,Ω
+(θ9NaN˜C +
NaN˜C
2
)‖un−1−un−1h ‖2div,Ω
+ k‖εn‖0,Ω+ρα‖∇(Cn−Cnh)‖0,Ω‖εn‖0,Ω
+
√
2ρN˜C
Eα
RT 2i
‖∇(T n−1−T n−1h )‖0,Ω‖εn‖0,Ω
+(h2σ + k2).
From where
1
2k
(‖εn‖20,Ω− ‖εn−1‖20,Ω +‖εn− εn−1‖20,Ω)+η‖∇(Cn−Cnh)‖20,Ω
. (h2σ + k2)+(θ10 +θ11 +θ12)‖εn‖20,Ω
+(θ8NaM˜u +NaN˜C)‖∇(Cn−Cnh)‖20,Ω
+2ρ2
N˜2C(
Eα
RT 2i
)2
4θ12
‖∇(T n−1−T n−1h )‖20,Ω
+(θ9NaN˜C +
NaN˜C
2
)‖un−1−un−1h ‖2div,Ω
+
(αρ)2
4θ11
‖∇(Cn−Cnh)‖20,Ω.
Lemma 4.19. Assuming that (k ≤ 14 ),H2 andH3 are verified, the following estimate holds
‖Cn−Cnh‖20,Ω+ 87 k(η− 6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
. kn(h2σ + k2)
+ 16kNaN˜C7 (θ9 +
1
2 )∑
n−1
i=1 ‖ui−uih‖2div,Ω
+ 967 ρ
2kN˜2C(
Eα
RT 2i
)2∑ni=1 ‖∇(T i−T ih)‖20,Ω.
Proof. By choosing
θ10 = θ11 = θ12 =
1
12
and
θ8 =
η−2NaN˜C
2NaM˜u
because NaN˜C <
η
2
,
the inequality in Lemma 4.18 becomes
1
2k
(‖εn‖20,Ω−‖εn−1‖20,Ω+‖εn− εn−1‖20,Ω)+η2 ‖∇(Cn−Cnh)‖20,Ω
. 1
4
‖εn‖20,Ω+(h2σ + k2)
+6ρ2N˜2C(
Eα
RT 2i
)2‖∇(T n−1−T n−1h )‖20,Ω
+NaN˜T (θ4 +
1
2
)‖un−1−un−1h ‖2div,Ω
+3(αρ)2‖∇(Cn−Cnh)‖20,Ω.
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From where
1
2k
‖εn‖20,Ω+
η
2
n
∑
i=1
‖∇(Ci−Cih)‖20,Ω .
1
4
n
∑
i=1
‖ε i‖20,Ω+n(h2σ + k2)
+6ρ2N˜2C(
Eα
RT 2i
)2
n−1
∑
i=1
‖∇(T i−T ih)‖20,Ω
+3(αρ)2
n
∑
i=1
‖∇(Ci−Cih)‖20,Ω
+NaN˜C(θ9 +
1
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω.
While multiplying by 2k, using the assumptions (k ≤ 14 ) and (6(αρ)2 < η), we obtain
7
8
‖εn‖20,Ω+ k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
. k
2
n−1
∑
i=1
‖ε i‖20,Ω+ kn(h2σ + k2)
+12ρ2kN˜2C(
Eα
RT 2i
)2
n
∑
i=1
‖∇(T i−T ih)‖20,Ω
+2kNaN˜C(θ9 +
1
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω.
It leads to
‖εn‖20,Ω+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
. 4k
7
n−1
∑
i=1
‖ε i‖20,Ω+ kn(h2σ + k2)
+
96
7
ρ2kN˜2C(
Eα
RT 2i
)2
n
∑
i=1
‖∇(T i−T ih)‖20,Ω
+
16kNaN˜C
7
(θ9 +
1
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω.
Using the discrete lemma of Gronwall
‖εn‖20,Ω+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
.
(
kn(h2σ + k2)+
96
7
ρ2kN˜2C(
Eα
RT 2i
)2
n
∑
i=1
‖∇(T i−T ih)‖20,Ω
+
16kNaN˜C
7
(θ9 +
1
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω
)
exp(kn).
From the triangular inequality
‖Cn−Cnh‖20,Ω+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
≤ ‖Cn− rhCn‖20,Ω+‖εn‖20,Ω
+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
. h2σ‖C‖2L∞(0,t,Hσ (Ω))+‖εn‖20,Ω
+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω.
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We are able now to establish the error estimate on velocity:
Lemma 4.20. supposing thatH5 is verified, then for θ4 > 0 and θ9 > 0, we have the following error estimate
kµp‖un−unh‖2div,Ω . (h2σ + k2)(kn+ k2n2)e
16
7 k
2n2Naµp(N˜T (θ4+ 12 )+N˜C(θ9+
1
2 ) ).
Proof. According to the previous lemmas, we have
‖T n−T nh ‖20,Ω+
8
7
kλ‖∇(T n−T nh )‖20,Ω
. kn(h2σ + k2) (4.14)
+
16kNaN˜T
7
(θ4 +
1
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω
+
48k
7
(αρ)2
n
∑
i=1
‖∇(Ci−Cih)‖20,Ω
and
‖Cn−Cnh‖20,Ω+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
. kn(h2σ + k2) (4.15)
+
16kNaN˜C
7
(θ9 +
1
2
)
n−1
∑
i=1
‖ui−uih‖2div,Ω
+
8
7
(12ρ2k)(N˜C
Eα
RT 2i
)2
n
∑
i=1
‖∇(T i−T ih)‖20,Ω.
By summing the inequality (4.14) and (4.15), we obtain
‖T n−T nh ‖20,Ω+‖Cn−Cnh‖20,Ω+
8
7
λk‖∇(T n−T nh )‖20,Ω+
8
7
k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
. kn(h2σ + k2)+ 16kNa7
(
N˜T (θ4 + 12 )+ N˜C(θ9 +
1
2 )
)
∑n−1i=1 ‖ui−uih‖2div,Ω
+ 487 ρ
2k
(
α2∑ni=1 ‖∇(Ci−Cih)‖20,Ω+2(N˜C EαRT 2i )
2∑ni=1 ‖∇(T i−T ih)‖20,Ω
)
,
if we take
w =
48
7
ρ2k(max(α2,2N˜2C(
Eα
RT 2i
)2)
and assume thatH5 is verified then w < 1, it follows
‖T n−T nh ‖20,Ω+‖Cn−Cnh‖20,Ω+
8
7(1−w)kλ‖∇(T
n−T nh )‖20,Ω+
8
7(1−w)k(η−6(αρ)
2)‖∇(Cn−Cnh)‖20,Ω
. 11−w kn(h2σ + k2)+
16kNa
7
1
1−w
(
N˜T (θ4 + 12 )+ N˜C(θ9 +
1
2 )
)
∑n−1i=1 ‖ui−uih‖2div,Ω
+ w1−w (∑
n
i=1
(
‖∇(Ci−Cih)‖20,Ω+‖∇(T i−T ih)‖20,Ω)
)
.
By using the Gronwall lemma with
an = ‖T n−T nh ‖20,Ω+‖Cn−Cnh‖20,Ω,
bn =
8
7(1−w)k
(
λ‖∇(T n−T nh )‖20,Ω+(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω
)
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and
cn =
1
1−wkn(h
2σ + k2)+
1
1−w
16kNa
7
(
N˜T (θ4 +
1
2
)
+ N˜C(θ9 +
1
2
)
)n−1
∑
i=1
‖ui−uih‖2div,Ω,
we obtain
‖T n−T nh ‖20,Ω+‖Cn−Cnh‖20,Ω+
8
7(1−w)kλ‖∇(T
n−T nh )‖20,Ω
+
8
7(1−w)k(η−6(αρ)
2)‖∇(Cn−Cnh)‖20,Ω
.
(
1
1−wkn(h
2σ + k2)+
1
1−w
16kNa
7
(
N˜T (θ4 +
1
2
)
+N˜C(θ9 +
1
2
)
) n−1
∑
i=1
‖ui−uih‖2div,Ω
)
exp(
wn
1−w ).
According to the Lemma 4.10, we have
(1+2kµp)‖un−unh‖2div,Ω .kn(h2σ + k2)+
2
λ
(ρgβ )2(1+
1
2µp
)
(
kn2(h2σ + k2)
+
16kNa
7
(
N˜T (θ4 +
1
2
)+ N˜C(θ9 +
1
2
)
)
×
n
∑
j=2
j−1
∑
i=1
‖ui−uih‖2div,Ω
)
,
it yields,
kµp‖un−unh‖2div,Ω .k2n(h2σ + k2)+
2
λ
(ρgβ )2(µp +
1
2
)
(
k2n2(h2σ + k2)
+
16k2Na
7
(
N˜T (θ4 +
1
2
)+ N˜C(θ9 +
1
2
)
)
×
n
∑
j=2
j−1
∑
i=1
‖ui−uih‖2div,Ω
)
.
Finally, we conclude
kµp‖un−unh‖2div,Ω .
(
kn(h2σ + k2)+ k2n2(h2σ + k2)
)
exp
(
(
32
7
ρgβ )2(µp +
1
2
)
Na
λ
k2n2
(
N˜T (θ4 +
1
2
)+ N˜C(θ9 +
1
2
)
))
.
Also, for both of the Temperature and concentration we have
Lemma 4.21. We have the following error estimates for the temperature and for the concentration:
‖T n−T nh ‖20,Ω+
8
7(1−w)λk‖∇(T
n−T nh )‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3),
‖Cn−Cnh‖20,Ω+
8
7(1−w)k(η−6(αρ)
2)‖∇(Cn−Cnh)‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3).
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Proof. We have
‖T n−T nh ‖20,Ω+‖Cn−Cnh‖20,Ω+
8
7(1−w)λk‖∇(T
n−T nh )‖20,Ω+
8
7(1−w)k(η−6(αρ)
2)‖∇(Cn−Cnh)‖20,Ω
. kn(h2σ + k2)+ 16Nak
7(1−w)
(
N˜T (θ4 +
1
2
)+ N˜C(θ9 +
1
2
)
)n−1
∑
i=1
‖ui−uih‖2div,Ω.
According to the previous lemma, we can see that
kµp∑n−1i=1 ‖ui−uih‖2div,Ω . n
(
kn (h2σ + k2)+ k2n2(h2σ + k2)
)
.
Therefore
‖T n−T nh ‖20,Ω+‖Cn−Cnh‖20,Ω+
8λk
7(1−w)‖∇(T
n−T nh )‖20,Ω+
8
7(1−w)k(η−6(αρ)
2)‖∇(Cn−Cnh)‖20,Ω
. kn(h2σ + k2)+ 16
7µp
Na
1−w
(
N˜T (θ4 +
1
2
)+ N˜C(θ9 +
1
2
)
)
×n(kn(h2σ + k2)+ k2n2(h2σ + k2)) .
We conclude
‖T n−T nh ‖20,Ω+ 87(1−w)kλ‖∇(T n−T nh )‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3),
we have also:
‖Cn−Cnh‖20,Ω+ 87(1−w)k(η−6(αρ)2)‖∇(Cn−Cnh)‖20,Ω . (h2σ + k2)(kn+ k2n2 + k3n3).
Finally, from the Lemmas 4.8, 4.20 and 4.21, we complete the proof of the Theorem 4.2.
5. Conclusion
The propagation of reaction front in porous media is modelled by a system of equations, coupling hydrodynamic
equations and the reaction-diffusion equations. We have taken into account Darcy-Boussinesq approximation.
We have chosen the appropriate functional framework for our variational problem. We have proved the existence
result for the semi-discrete problem. We have also proved the stability of the fully-discrete problem. Furthermore,
we have established an optimal a priori estimates on the temperature, on the concentration and on the speed for
both semi-discrete and fully-discrete problems.
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